European Journal of Operational Research 280 (2020) 764-777

=

Contents lists available at ScienceDirect

IROPEAN . OURNAL OF

U
PERATIONAL | ESEARCH

European Journal of Operational Research

journal homepage: www.elsevier.com/locate/ejor

Interfaces with Other Disciplines

Optimal dynamic marketing-mix policies for frequently purchased n
products and services versus consumer durable goods: A generalized e
analytic approach

Hani I. Mesak®*, Abdullahel Bari® T. Selwyn Ellis¢

2 Department of Marketing and Analysis, College of Business, Louisiana Tech University, P.O. Box 10318, Ruston, LA 71272, USA
b College of Business and Technology, University of Texas at Tyler, 3900 University Blvd., Tyler, TX 75799, USA
¢Department of Computer Information Systems, College of Business, Louisiana Tech University, P.O. Box 10318, Ruston, LA 71272, USA

ARTICLE INFO ABSTRACT

Article history:

Received 2 November 2018
Accepted 17 July 2019
Available online 23 July 2019

This paper deals with the qualitative characterization of optimal pricing and advertising policies together
with the optimal ratio of the advertising elasticity of demand to its price elasticity over time. The problem
is studied for frequently purchased products and services (FPS) as well as consumer durable goods (CDG)
in both monopolistic and duopolistic markets. Demand dynamics, cost learning and discounting of future
Keywords: profits are taken into consideration. In addition, both the open-loop and feedback methodologies are
OR in marketing pursued to characterize and compare the derived optimal policies.

Marketing-mix The paper uses an analytical approach to characterize the optimal dynamic policies in a general set-
FPS and CDG dynamic models ting as is mathematically tractable, followed by the analysis of more specific models to gain additional
Maximum principle managerial insights while maintaining a certain degree of generality. Optimal FPS marketing-mix policies
Differential games are shown to be different from their CDG counterparts for both monopolistic and duopolistic markets.
While the ratio of advertising elasticity to price elasticity appears to have been governed by similar set
of rules for FPS and CDG, the direction of change of such ratio over time looks different from each other.

Managerial implications and directions for future research are also discussed.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Product and service innovations need to be introduced into
their markets with appropriate marketing strategies. The most
important marketing variables that affect the dynamic demand of
innovations are price and advertising. This paper seeks to qual-
itatively characterize optimal price, optimal advertising, and the
optimal ratio of advertising elasticity of demand to its price
elasticity over time. The problem is defined in a continuous-
time frame to take advantage of the powerful optimal control
methodology (Kamien & Shwartz, 1981). Five major factors influ-
ence a firm’s optimal marketing-mix strategies and the ratio of
advertising elasticity of demand to its price elasticity. They are:

1. Dynamics on the demand side. Demand dynamics refer to all
those phenomena that cause the likelihood to buy increase
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such as innovative behavior, word of mouth, and saturation
(Dockner and Jergensen, 1988a).

. Dynamics of the supply side. Cost dynamics refer to the cost

learning curve: unit costs are assumed to decline with in-
creased accumulated sales. (Clarke, Darrough & Heinke, 1982;
Kalish, 1983).

. Market structure. A monopoly scenario is considered appro-

priate in the presence of patent protection or by studying
a new product/ service in an initial phase before the entry
of rivals. After entry of competitors, the market becomes an
oligopoly. What basically sets oligopoly apart from monopoly
are the strategic interdependence and interactions between
rivals (Eliashberg & Jueland, 1986).

. Multi-period planning. The discount rate r measures how

profits earned today are preferred to those earned tomorrow.
In the extreme cases r=0 and r = co we have far-sighted and
myopic agents, respectively. More realistic, but also technically
more difficult, are the intermediate cases where 0 <r < c©
(Dockner & Jorgensen, 1992).

. The type of good considered. Frequently purchased products

(soap, or toothpaste) are considered similar to subscription
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services (Internet, or heating and air conditioning service
contracts) as they face the same dynamics of adoption and/
or retention together with similar revenue rate functions (we
are indebted to an anonymous reviewer for bringing the issue
to our attention). Consumer durable goods (CDG) purchased
for the first time, on the other hand, are treated separately
as they are conceived to be different in a mathematical sense
from frequently purchased products and services (FPS) since
their revenue rate functions are dissimilar resulting in gener-
ally divergent marketing-mix strategies. For an FPS good, the
revenue rate is equal to the number of subscribers, or sales
at time t, N;, multiplied by the subscription charge, or price
P; whereas it is (dN;/dt) multiplied by the price P; for an CDG
product, where N; is the cumulative number of adopters by
time t (Libai, Muller & Peres, 2009).

In this paper we analyze both FPS and CDG products in
monopolistic as well as duopolistic markets. The paper uses an
analytical approach to characterize the optimal dynamic policies
in a general setting as is mathematically tractable. This will yield
policy conclusions for broad classes of demand and cost functions.
As can be imagined, additional assumptions have to be made for
our approach to carry through. Nevertheless, a certain degree of
generality can be maintained.

Our approach is similar to those related to CDG of Kalish
(1983) who considers dynamic pricing in a monopoly, Dockner
and Jorgensen (1998a) who consider dynamic advertising in
a monopoly, Mesak and Clark (1998) who consider dynamic
pricing and advertising in a monopoly, Dockner and Jergensen
(1998b) who consider dynamic pricing competition, and Dockner
and Jergensen (1992) who consider dynamic advertising competi-
tion. The findings of the above five studies are able to be affirmed
through our research as special cases of our framework. Further-
more, while the above studies arrive at only open-loop strategies,
our paper derives both open-loop and feedback strategies. The
general structure related to FPS goods reported herein and its
comparison to its CDG counterpart for both monopolistic and
duopolistic markets are unique to the present study. The paper
unifies and generalizes several dynamic models of pricing and
advertising in the literature by assuming a general model and
by analyzing monopoly and duopoly markets. The main results
about the ratio of advertising to price elasticity generalize beyond
the classical results. Other results are interesting and/or new.
In addition while Mahajan, Muller and Bass (1993) state that a
good part of our intuition concerning optimal marketing policies
seems to carry over from monopoly to oligopoly, we show in
this research that this assertion may be the case in the lack
of product/ service interdependence, strategic interdependence,
or both.

Because the present study is broad in orientation, the dynamic
demand models analyzed are assumed autonomous (demand does
not depend on time explicitly whereas variables are time depen-
dent). Each firm generally controls one pricing instrument and
one advertising instrument in the presence of one related state
variable. Goodwill models and market share models are excluded
from the analysis (readers interested in such models are referred
to Huang, Leng & Liang, 2012 for a recent review).

Having positioned the current investigation within the relevant
literature and briefly demonstrated the main contributions of our
study, we highlight next the structure of the paper. The second
section provides a related literature review. The third section out-
lines a general dynamic model for FPS in a monopoly, formulates
the problem, presents the solution method and characterizes the
optimal marketing-mix policies. The fourth section sheds light
on the same topics depicted in the third section in relation to
CDG in a monopoly. The fifth section addresses the similar issues

discussed in the third section in FPS duopolistic markets. The sixth
section deals with similar issues discussed in the fourth section
in CDG duopolistic markets. The last section summarizes and
concludes the study. To improve exposition, the derivation of key
formulas and proofs of all reported propositions (a total of four)
and results (a total of eight) are included in appendices A and B of
a separate supplementary component. In addition, a total of eight
illustrative examples mostly extracted from the relevant literature
are introduced in the main text.

2. Literature review

In this section, we mention a few articles that dealt with
models optimized using optimal control theory in relation to fre-
quently purchased products and services (FPS), followed by those
related to consumer durable goods (CDG). The first type of models
pertains to frequently purchased goods and services (FPS), and the
second type of models pertains to consumer durable goods (CDG).
Product categories are then broken down into the following spe-
cific models: pricing decision models, advertising decision models,
and both price and advertising decision models. Monopolistic
models are then introduced for each category in the beginning
and are followed by competitive models that demonstrate dif-
ferential games. It is important to note that this review is not
intended to be exhaustive. Rather, it aims to enlighten the readers
on the significance of the approach undertaken in this article.

2.1. Review of FPS dynamic models

Monopolistic pricing models include Fruchter and Rao (2001),
Mesak and Darrat (2002), Schlereth, Skiera and Wolk (2011)
and Fruchter and Sigué (2013). Monopolistic advertising models
include Sasieni (1971), Sethi (1973, 1975), Hahn and Hyun (1991),
Feinberg (2001), and Mesak, Bari, Babin, Birou and Jurkus (2011).
An example of monopolistic model that includes both price and
advertising is Avagyan, Esteban-Bravo and Vidal-Sanz (2014).

Models of competitive pricing include Chintagunta and Rao
(1996) and Chatterjee and Crosbie (1999). Models of advertising
competition include Deal (1979), Deal, Sethi and Thompson (1978),
Jorgensen (1982), Feichtinger and Dockner (1984), Erickson (1985,
1995a, 1995b, 2009). Examples of competitive models that include
both price and advertising are Dockner and Feichtinger (1986) and
Chintagunta, Rao and Vilcassim (1993).

2.2. Review of dynamic CDG models

Monopolistic pricing models include Robinson and Lakhani
(1975), Bass (1980), Dolan and Jeuland (1981), Bass and Bultez
(1982), Clarke et al. (1982), Kalish (1983), Krishnan, Bass and Jain
(1999). Monopolistic advertising models include Horsky and Simon
(1983), Dockner and Jorgensen (1988a) and Fruchter and Van den
Bulte (2011). Examples of monopolistic models that include both
price and advertising are Teng and Thompson (1985), Mesak and
Clark (1998) and Sethi, Prasad and He (2008).

Models of competitive pricing include Dockner (1985), Werner-
felt (1986), Eliashberg and Jeuland (1986), Dockner and Jergensen
(1988b) and Dockner and Gaunersdorfer (1996). Models of adver-
tising competition include Teng and Thompson (1983), Chintagunta
and Vilcassim (1992) and Dockner and Jergensen (1992). Examples
of competitive models that include both price and advertising
are Thompson and Teng (1984), Krishnamoorthy, Prasad and Sethi
(2010) and Helmes and Schlosser (2015).

For a more comprehensive reviews on FPS and CDG dynamic
marketing models analyzed using optimal control theory, inter-
ested readers could review survey articles (e.g., Jorgensen, 1982;
Feichtinger and Jergensen, 1983: Mahajan, Muller & Bass, 1990;
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Meade & Islam, 2006; Peres, Muller & Mahajan, 2010) and schol-
arly books (e.g., Dockner, Jorgensen, Van Long & Sorger, 2000;
Eliashberg & Lilien, 1993; Erickson, 2003; Haurie, Krawczyk &
Zaccour, 2012; Jergensen & Zaccour, 2004; Mahajan, Muller &
Wind, 2000).

In closing this section, we make the following observations
based on the reviewed literature:

(1) Analytical tractability still imposes severe limitations in
arriving at feedback solutions (optimal trajectories are state
dependent) compared to open-loop solutions (optimal tra-
jectories are time dependent determined at the outset of
the planning horizon). Therefore, it appears that open-loop
solutions are more appealing particularly for short plan-
ning horizons. Though the solutions related to these two
methodologies are generally different, in some situations
they are similar (see e.g., Fershtman, 1987). In this regard
and particularly for competitive markets, Jorgensen and
Zaccour (2004, p. 10) mention that the main obstacle to the
characterization of a feedback equilibrium is the necessity
of obtaining the solution of the Hamilton-Jacobi-Bellman
(HJB) partial differential equations that can be highly non-
linear, and a general theory of partial differential equations
does not exist. However, this article analytically derives in
Appendix B feedback strategies for frequently purchased
products and services FPS in monopolistic and duopolistic
markets.

(2) There is a scarcity of models that incorporate marketing-mix
variables of price and advertising at either the monopolistic
or the competitive levels. When such models are built, they
are not governed by empirically validated theories dictating
how to incorporate either or both variables in the dynamic
models. To guard against the possibility that the optimal tra-
jectories could be sensitive to the particular functional forms
being chosen, our suggested proposal is to employ more
flexible (i.e., more general) marketing-mix dynamic models.
The above point of view is shared by Dockner and Jergensen
(1988Db, p. 319) and Dockner and Jergensen (1992, p. 460).

(3) The literature indicates that several results arrived at upon
analyzing monopolistic markets carry over to competitive
settings (e.g., Dockner & Jorgensen, 1988b, p. 319). It is
demonstrated in this article that such extension is at-
tributed to the imposition of additional assumptions to gain
further managerial insights, without the need to adhere to
numerical analyses the outcomes of which could be largely
dependent upon the values assigned to model parameters.

3. Frequently purchased products and services FPS in a
monopoly

In this section we provide a general model formulation for FPS
in a monopoly, followed by a derivation of optimal advertising-mix
policies for FPS in a monopoly.

3.1. General model formulation and solution concept for FPS in a
monopoly

Let us consider frequently purchased products and services
(FPS) in a monopolistic market (in this section as well as in the
next section, sales and number of service subscribers are used
interchangeably to mean the same thing in a mathematical sense).
A firm manipulates its price P; and advertising expenditure U;
(both assumed to be bounded from above) at each time t over a
fixed planning period T, 0 <t <T. The monopoly assumption may
seem reasonable in situations in which the firm enjoys a patent
protection, a proprietary technology, or a dominant market share.

A general demand rate model is given by
dN;/dt = Ny = f(N¢, P, Uy), Ny > Oand fixed, (1)

where N; and N; represent sales (number of subscribers) at time
t and the rate of change in sales (subscribers) at t, respectively.
Expression (1) suggests that the rate of change in sales is related
to current sales and the current rate of the marketing variables.
The demand function is autonomous as it does not depend on time
explicitly. Function f is assumed to be twice differentiable with the
following properties related to the marketing variables where a
subscript on a function denotes partial differentiation with respect
to that subscript:

f=0; fp<0; fu>0; fpp<0; fry <0; fuu <0;
and fpp fyu — fﬁu > 0. (2)

The inequalities (2) imply that sales is non-negative (new
customers’ acquisition rate is at least equal to customers’ defection
rate), decreases with an increase in price, and increases with an
increase in advertising. Inequality (2) further asserts that price
may interact with advertising in affecting the demand rate f and
the nature of the interaction is non-positive. A support of this as-
sumption is provided by Kaul and Wittink (1995) in their empirical
generalization finding out that (a) an increase in price advertising
leads to higher price sensitivity among customers, and (b) the use
of price advertising leads to lower prices. The last inequality in
2 together with the propertie fpp < 0 and fyy < 0 imply that the
demand function f is concave in the decision variables P and U so
that one of the sufficiency conditions of optimality (the Heissian
matrix of second partial derivatives of the Hamiltonian H given in
(5) is negative definite) is satisfied.

We introduce next a cost learning curve by assuming that
marginal costs, denoted by C, depend on the number of sub-
scribers such that marginal costs decrease with increasing the
number of subscribers (experience) (Boone, Ganeshan & Hicks,
2008; Chambers & Johnson, 2000),

G = C(N;). dC(Ny)/dN; = Cy, = C'(N;) < 0. 3)

Note that marginal costs could be constant (C”=0). C; is mainly
a function of efforts related to service activation (e.g., installation)
and account maintenance (e.g., billing, computer server space, and
help provided by the service firm).

For a firm that aims to find the optimum trajectories P* and U
to maximize the discounted profit stream over the planning period
T, the problem is formulated as follows for a discount rate r> 0:

T
Maxp, y, /0 e [(B —C(N;))N; — Q(Uy)]dt + e ""S.N(T), (4)

subject to dN;/dt = N = f(N;, P, Uy), and the initial number of
subscribers Ny > 0 is fixed and Ny is free.

In expression (4), P; N; represents the total revenue generated
from subscribers and C(N;) N:is the related total variable cost. In
expression (4), Q(U;) is the advertising cost function assumed to
be non-negative and convex with respect to its argument with
the properties Q' >0 and Q” >0 (Piconni & Olson, 1979). The
term S . N(T) in (4) is a salvage value which is included to take
into account that the time is truncated at t=T. A zero salvage
value specification (S=0) would be appropriate for an industry
characterized by rapid product obsolescence or short product life
cycles whereas a specification S > 0 would be appropriate for
a firm with high brand equity (Raman, 2006). Obviously, for an
infinite planning horizon there would be no need to incorporate a
salvage value term.

The optimal control problem (4) can be solved by apply-
ing Pontryagin’s maximum principle optimization technique
(Pontryagin, 1962). To apply the maximum principle, we start by
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forming the current value Hamiltoian (Sethi & Thompson, 2000)
Hi (P, Ut, Ne) = (B = C(Nt)) Ne = Q(Ut) + Acf (N, B, Up), (5)

where A; is a costate variable that must satisfy the ensuing
requirements:

d A¢/dt =1 At — OH;/0 N, and the transversality condition At = S.
(6)

An economic interpretation of A¢ is found in Sethi and Thomp-
son (2000). Briefly, A; has the interpretation of a shadow price of
the stock of subscribers N;. In this paper, we consider admissible
controls that are twice differentiable in t and satisfy P; > 0 and
U: > 0 for all relevant t. (In what follows, the time argument
is eliminated as deemed appropriate to minimize confusion and
improve clarity). Confining our interest to admissible controls, the
partial derivatives of the current value Hamiltonian with respect
to P and U along the optimal trajectories, as in Feichtinger (1982),
must satisfy the following conditions for an interior solution for
which0 <P <P<Pand 0 <U < U <U:

dH/dP =0, dH/dU =0, (7)

where P and P are the lower and upper bounds of P whereas U
and U are the lower and upper bounds of U, and

Matrix HM is a dominant diagonal negative definite matrix, (8)

such that HM is a non-singular Hessian matrix of the second
partial derivatives of the Hamiltonian H with the properties
|02H/0P?| > |02H/dPAU|, |02H/0U?| > |02H/0UOP| so that (92H/
0P2)(82H/0U?) — (3%2H/0P3U)(02H/dUAP) > 0, and

32H/3P> 82H/3P8Ui|

92H/9U AP (9)

HM = [ 92H/ U2

It is noted again that the last two inequalities in (2) guarantee
that the elements lying on the diagonal of matrix HM are negative
and HM is negative definite (details are found in expression
(A17a) of Appendix A). Conditions (6) and (7) are the necessary
conditions of optimality. The last condition (8) is one of several
sufficiency conditions of optimality implying that the Hamiltonian
H is jointly concave in the control variables P and U together with
the state variable N (Seierstad & Sydsaeter, 1977). If a sufficiency
condition is violated (e.g., 2H/dP? >0) the optimal pricing policy
would be either the constant P or the constant P. By substituting
into the Hamiltonian H, the constant that maximizes H would be
chosen as P¢* (Teng & Thompson, 1985 p. 192).

3.2. Optimal dynamic marketing-mix policies for FPS in a monopoly

This section starts by analyzing the situation of the general FPS
model (1) followed by an analysis of one plausible specific model
of a generalized mathematical structure.

Using conditions (7) in conjunction with expressions (1), (5)
and (6), we derive in the Appendix the contents of the proposition
shown below.

Proposition 1. With demand rate dN/dt given by (1) and the neces-
sary conditions (6) and (7) together with a presence of cost learning,
and discounting, then the following relationships hold at any point in
time along the optimal trajectories of the marketing-mix variables for
FPS providers:

(i) The ratio R of the advertising elasticity of the demand rate
(5§ =Ufy/f) to its price elasticity (A=-Pfp/f) equals the
ratio of advertising to sales revenue (U/NP), multiplied by the
marginal cost of advertising (QJ.

(ii) The time derivative of price, dP/dt, and the time derivative of
advertising, dU/dt, are governed by the two equations written
in a matrix format

[dP/clt} _1 [732H/8UZ

1 82H/UOP || f+N(fx — ffon/fp) = fo(P—C— NCy) + 1A fp
duydt A | 92H/0PoU ’

—32H/9P* || —Q'(fy — ffun/fu) = fu(P = C = NCy) + 1A fy
(10)

where A = (0% H/0P?) (02H/ dU?) -(82 H/ dPAU)? > 0, given the
last condition in (2).

(iii) The time derivative of the ratio R, d R/ dt, is given by

dR/dt = [—(1/P) (d P/dt) + (Q"/Q" + 1/U)(dU/dt) — f/N]R.
(10a)

The following observations are gleaned from the novel contents
of Proposition 1:

(a) Part (i) of the proposition is in essence the theorem of
Dorfman and Steiner (1954) for a monopolist facing a price
and advertising-dependent static demand, and a linear
advertising cost function, generalized to a dynamic FPS
setting. Nerlove and Arrow (1962) also arrived earlier at a
similar result in a dynamic setting.

(b) Part (ii) of the proposition implies that it would be sufficient

that both the price elasticity of the demand rate and the

advertising elasticity of the same to decrease with sales

(number of subscribers) N for the optimal price to be in-

creasing over time and optimal advertising to be decreasing

over time when the discount rate is small (r=0). It is noted
here that d (—fp P/f)/ @ N < O implies that fy —ffexn [ fp
> 0and 9 (fy U/f)/ 0 N < 0 implies that fy— ffun/fu =

0. Furthermore, general expressions for the time derivatives

dP/ dt and dU/ dt pertaining to dynamic univariate diffusion

models for new FPS are derived from (16) upon substituting

02H/dP3U = 32H/QUOP=0 .

Part (iii) of the proposition implies that when observation

(b) is applicable, the rate of change in R would be decreas-

ing over time as dP/dt > 0 and dU/dt < 0 together with

dN/dt > 0 by the assumptions in (2). For a linear advertis-
ing cost function Q, this observation asserts that the FPS
provider would decide to set the advertising expenditure as

a decreasing percentage of sales revenue over time.

(c

~

Inspired by the generalized Bass model GBM (Bass, Krishnan
& Jain, 1994), found empirically to have superior predictive power
to its counterparts, we consider an FPS model that shifts demand
dynamics multiplicatively. That is

dN/dt = f (N, P, U) = g(N).h(P, U). (11)

The demand function (11) is assumed to possess the following
properties:

g>0; h>0; hp < 0; hy > 0; hpp < 0; hpy < 0; hyy < 0;
and hpphUU — h%’U > 0. (12)

The properties (12) are consistent with those in (2) and achieve
a similar purpose (Matrix HM is negative definite).

We are now in a position to introduce the following novel
result upon applying (10):

Result 1. For r=0, presence of cost learning curve and a separable
demand function for FPS given by (11)

(i) The ratio R of the advertising elasticity of the demand rate
(5§ =Ufy/f) to its price elasticity (A =-Pfp/f) equals the ra-
tio of advertising to sales revenue (U/NP), multiplied by the
marginal cost of advertising (Qj.

(ii) Optimal price is increasing over time.
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(iii) Optimal advertising is decreasing over time.

(iv) The rate of change of the ratio R of the advertising elasticity
of demand (& =Ufy/f) to its price elasticity (A =-Pfp/f) is
decreasing over time.

Result 1 implies that the optimal pricing policy is to offer a low
price when the FPS is introduced and then to increase the price as
sales increases and the particular FPS offering moves through its
life cycle. The optimal advertising policy is the exact opposite. We
note that each of the two models f=g(N) h;(P).h,(U) and f=g(N).
(h1(P) + hy(U)) could be cast in 12, where h; and h, are separa-
ble functions in P and U, respectively. The qualitative characteriza-
tion of the marketing-mix policies over time are therefore similar
where for the first model fpy < 0 whereas for the second model
fru=0. A specific FPS demand model is briefly reviewed below.

Example 1. Avagyan et al. (2014) in a monopolistic version of
their study employ an infinite planning horizon and consider
a demand function for consumption goods satisfying properties
(12) dN/dt = Ny = [(a +uN;/M)(M = N¢) — kN ]W; (P, U;), Ng =0
where W; (P, Us) conveys the impact of price P; and advertising ex-
penditure U; on the growth of sales and is given by W;(B, Us)=1
- m (P- )2 + b In (U;), where a, b, u, m, M > 0. The quan-
tity P > 0 represents an ideal point price whereas k>0 repre-
sents the defection rate. The firm’s present value of future profits
to be maximized is given by [ e " [(Pt — CG)N; — U;]dt. The au-
thors solve their model numerically. For r=0 and for a separable
demand function as the one shown above, the qualitative charac-
terization of the optimal dynamic marketing-mix policy would be
consistent with Result 1.

In this section as well as in ensuing sections we apply the max-
imum principle to characterize open loop strategies that depend
on time. To characterize feedback strategies that depend on the
state variable, the Hamilton-Jacobi-Bellman equation is employed
(Kamien and Schwartz 1991, p. 261). For an infinite planning
horizon and an autonomous separable demand function f=g(N)
h;(P).hy(U), feedback strategies are developed in Appendix B. For
r=0, the Dorfman-Steiner theorem alluded to in Proposition 1(i)
remains applicable whereas the optimal marketing-mix strategies
appear different from those reported in Result 1.

4. On comparing FPS optimal policies to CDG counterparts in
monopolistic markets

For new consumer durable goods CDG, the counterpart of (4)
takes on the following form for a discount rate r> 0:

Max [ e[ (P — C(N)) f(Ne, P, Up) — Q(Up)]dt + e "TS.N(T)
P, U
Subject to
N; = f(N;, P, Uy), and the initial adopters Ny > 0 and fixed,
N is free. (13)

The current value Hamiltonian for new consumer durables
takes on the form

Hi (P, Ut, No) = (P = C(Ny) + A¢) f(Ne, B, Up) — Q(Ur), (14)

where A is a costate variable that must satisfy (6). For new con-

sumer durables, demand function f is assumed to possess the fol-

lowing main properties:

f=0: fp<0: fy>0: fyu <0: and frp <2 f3/f. (15)
The last two inequalities in (15) guarantee that both 92H/3P2

and 92H/0U? would be negative (see expressions (A22) and (A23)

in Appendix A). It is also shown in Appendix A that the counter-

part of Proposition 1 for FPS takes on the form of Proposition 2 for
consumer durable goods (CDG) shown below.

Proposition 2. With demand rate dN/dt given by (13) and the neces-
sary conditions (6) and (7) together with a presence of cost learning,
and discounting, then the following relationships hold at any point in
time along the optimal trajectories of the marketing-mix variables for
CDG providers:

(i) The ratio R of the advertising elasticity of the subscription rate
(5 =Ufy/f) to its price elasticity (A =-Pfp/f) equals the ra-
tio of advertising to sales revenue (U/ f P), multiplied by the
marginal cost of advertising (QJ.

(ii) The time derivative of price, dP/dt, and the time derivative of
advertising, dU/dt, are governed by the two equations written
in a matrix format:

|:dP/dt:| 1 |:—82H/8U2

B 02H/dUOP || —(f/fe)(ffon = 2fpfn) +T A fp
du/dt 92H/0PoU ‘

—02H/8P? || (Q'/fu) (Ffun — fufw ) +TAfy
(16)

A

where A =(082 H/9P?) (32H/ dU2?) - (8% H| 9P3U)?% > 0.
(iii) The time derivative of the ratio R, d R/ dt, is given by
dR/dt = [~(1/P+ fo/f)(dP/dt)
+(Q"/Q +1/U - fy/f) (dU/dt) — fy]R.

The following observations are derived from the contents of the
above proposition:

(16a)

(a) Part (i) of Proposition 2 is similar to Part (i) of
Proposition 1 implying that the Dorfman-Steiner theorem
(1954) of static demand is also generalized to a dynamic
CDG setting.

For Part (ii) of the proposition, the time derivative of price,
dP/dt, along the optimal price trajectory in the study of
Kalish (1983, p. 140) has the sign of an expression similar
to the first entry of the last column vector in (16). Kalish
(1983) studied new product diffusion models that incorpo-
rate price alone. The time derivative of advertising, dU/dt,
along the optimal trajectory in the study of Dockner and
Jorgensen (1988a, p. 128) has the sign of an expression simi-
lar to the second entry of the last column vector in (16). The
above authors studied new product diffusion models that in-
corporate advertising alone.

General expressions for the time derivatives dP/ dt and dU/
dt pertaining to dynamic univariate diffusion models for new
durable products are derived from (16) upon substituting
02H/0POU = 3?H/0UOP=0 . It is noted from the Appendix
that 92H/0UAP = 02H/0PJU has the same sign as fy - f

fou / fp.

We consider next a separable dynamic CDG model of the fol-
lowing form:

f(N, P, U) =g(N).hy (P).ha (U), (17)

and consistent with (15), functions g, h; and h, would possess the

following properties:

g€>0; hy >0; hy > 0; hyp < 0; hyy > 0; hypp < 2h2,/hy;

and hyyy < 0. (18)
The models articulated by Teng and Thompson (1985, Example

3.4) and Mesak and Clark (1998, Proposition 4) can be cast into
(17). We are now in a position to introduce the following result:

—~
o
RNaid

—~
(g}
~

Result 2. For r=0, presence of cost learning curve and a separable
demand CDG function given by (17)

(i) The ratio R of the advertising elasticity of the demand rate
(& =Ufuy/f) to its price elasticity (A =-Pfp/f) equals the ra-
tio of advertising to sales revenue (U/ f P), multiplied by the
marginal cost of advertising (Q").
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Table 1
Signs of time derivatives for CDG and FPS: r=0.

Model mathematical structure

Sign of derivatives (CDG)

Sign of derivatives (FPS)

dp/dt du/de  dP/dt  dujde
M1  f=(ag+bN) (N—-N)h af/ON - + -
M2  f=(a+bN)N—- N)hq af[ON 0 + -
M3  f=(ah+bN)(N—-N)q 3f[ON+b(N-N)q 0 + -
M4  f=(a+bN)N-N)(h+dq) 3f/ON AffON  + -

a is the coefficient of external influence, b is the coefficient of internal influence.
N is the market potential, d is a constant coefficient.

(ii) Optimal price has the sign of fy over time.

(iii) Optimal advertising is constant over time.

(iv) The rate of change of ratio R of the advertising elasticity
of demand (& = Ufy/f) to its price elasticity (A =-Pfp/f) has
the sign of -fy over time, provided that f /fp + P >0.

The findings (i) through (iii) reported in Result 2 pertaining
to CDG appear consistent with the earlier findings of Mesak and
Clark (1998, Proposition 4), but different from their counterparts
reported in Resultl associated with FPS. The condition stated in
the novel part (iv) of Result 2 is a sufficient condition, but not
a necessary one. It is satisfied for the pricing response function
P~" | n > 1. We illustrate our findings further through introducing
an example.

Example 2. In this example, we consider four alternative Bass-type
diffusion models that incorporate marketing-mix variables satisfy-
ing observation (b) related to Proposition 1 for FPS. We explore in
this example whether the signs of the rate of change of the op-
timal policy are similar (or dissimilar) to their CDG counterparts
in the situation r=0. For that matter, we employ a pricing nonlin-
ear response function h(P) and an advertising nonlinear efficiency
function q(U) satisfying the properties:

h>0,q>0,hW <0,q >0;q" <0. (19)

Whenever a parameter in the Bass model is assumed to depend
on one or more of the marketing variables, this parameter is sim-
ply multiplied, as appropriate, by one or more of the functions h
and q. The findings pertaining to four models are summarized in
Table 1.

For diffusion model M1, advertising affects the coefficient
of external influence as in the study of Horsky and Simon
(1983) whereas price affects the demand rate in a multiplicative
fashion as in the study of Robinson and Lakhani (1975). For diffu-
sion Model M2, both price and advertising exert a multiplicative
effect on the demand rate as articulated in Sethi et al. (2008). For
model M3, price affects the coefficient of external influence as pro-
posed in Parker (1992) and advertising affects multiplicatively the
demand rate as suggested in Mesak and Clark (1998). For model
M4, price and advertising, combined in an additive structure, affect
the demand rate multiplicatively as in the Generalized Bass Model
(Bass et al., 1994). The differences between CDG and FPS signs re-
ported in Tablel for the same diffusion models are apparent. This
is mainly attributed to the fact that the gross profit rate for CDG is
equal to (P - C) dN/dt whereas it is equal to (P - C) N for FPS.

Example 3. Sethi et al. (2008) consider for a zero marginal pro-
duction cost the dynamic optimization problem: Find optimal tra-
jectories P* and U* to Maximize [~ e~ [P dN/dt - U?] dt

s.t.dNydt = p P~U+/1— N, N(0) = No.

N is defined as the fraction of the cumulative market captured
by time t. The quantities p and n are positive constants. The au-
thors only develop optimal feedback strategies using the HJB equa-
tion and demonstrate that optimal price is constant over time

whereas optimal advertising declines over time and is proportional
to +/1—N . When the pricing response function P~" is replaced
with a linear counterpart 1 - 5 P, the characterization of the opti-
mal feedback strategies remain unchanged.

To arrive at the optimal strategies using the maximum princi-
ple and apart from discounting (r = 0), Result 2 is applicable so that
price would be declining over time (0 +/1—N | d N < 0) whereas
advertising would be constant over time. The optimal feedback
strategies developed by the above authors appear different from
the optimal strategies based on the maximum principle.

5. Frequently purchased products and services FPS in a duopoly

In this section, we provide a general model formulation for FPS
in a duopoly, followed by a derivation of optimal marketing-mix
policies for FPS in a duopoly.

5.1. General model formulation and solution concept for FPS in a
duopoly

In a duopoly, each firm i faces a demand function f; given by
dNy/dt = fi((P. Up: (P Uj): Ni Nj).ioj=1.2:0# j. (20)
where the pair (P;, U;) represents the decision variables of price
and advertising of firm i whereas N; and N, represent the state
variables related to firm 1 and firm 2. The demand function f; is

assumed to be twice differentiable with the following main prop-
erties with respect to the marketing-mix variables:

fiz0; fipi <0; fipj =0; fwi>0; fiuj <05 fippj <0; fwjuj = 0;
firifipj = fieifipi > 0z fwivi fjujuj — fuivjfiuw;
>0; fipiri < 05 fipwi < 0: fuwwi < 0and fipipi fwiwi — fawi > 0.
(21)

Unless otherwise stated, indices i and j are such that i, j=1,
2 and i % j. In (21), the first subscript on a function stands for
a certain competitor. Subsequent subscripts (variables) represent
the partial differentiation of the function with respect to such
subscript(s) (variable(s)). For example, f,p;stands for d f,/0P; and
f1p1u1 stands for Bzfl / 81)1 8U]

Except for the last three assumptions, properties (21) are stan-
dard assumptions in oligopoly theory (see for examples Friedman,
1977, 1983 and Thépot, 1983). The inequalities (21) imply that the
demand rate of firm i is non-negative, decreases with an increase
in price P, increases with an increase in price P;, and increases
with an increase in advertising U; at a decreasing rate. An in-
crease in the advertising of firm j causes the sales of firm i to
decrease at an increasing rate (fyy; < 0;fyjy;j = 0). The condition
fipipj< O states that it is more difficult to increase f; by reducing
P, when P; is low than when P; is high. The condition (fip; fipj -
firj fipi > 0) means that a firm’s price change has a higher impact
on its own demand than on the competitor’s one. The condition
(fwwifjujuj — fwwjfjuwj > 0) also implies that a firm’s advertising
change has a higher impact on its own demand than on the com-
petitor’s one. The last three properties are only confined to FPS
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asserting that price of a firm may interact with its advertising in
affecting its own demand where the nature of the interaction is
non-positive and demand of each firm is a concave function in its
two marketing-mix variables. The presence of the three assump-
tions will be shown later to be instrumental in deriving ensuing
results and demonstrating that the Hessian matrix of the second
partial derivatives of each firm is negative definite.

Each firm i strives to independently determine the optimal pair
of its decision variables over time (P, U;*) to maximize the present
value of profits for a discount rate r; given by

T
T o= / e litg; dt +e T S; . Ny(T)
0

= /Tefr"t[(Pi— C(N))N; — QuUy]dt + e TS Ny(T). (22)
0

subject to the system of differential Eq. (20), N;p > 0 is fixed and
Njr is free. In expression (22), Q;(U;) is an advertising cost function
related to firm i assumed to be non-negative and convex with its
argument with the properties Q/ > 0 and Q" > 0.

The two rivals are assumed to choose their control variables si-
multaneously. When there is no incentive for either rival to alter
his | her control variables, then the choices are said to be in equi-
librium. In particular, they are said to be in Nash equilibrium if

T (B, Up): (P, U3)) = (P, Up); (P5,U3)). (23a)
and
o (P UY): (P, U3)) = mo (P UY); (P, Up)). (23b)

The strategies most employed in the application of the theory
of differential games are either open-loop or feedback. Open-loop
strategies are ones for which each player chooses all the control
variables’ values for each point in time at the outset of the game.
Feedback strategies imply that the way of modeling a player’s be-
havior is to suppose that he/she can condition his/ her action at
each point of time on the basis of the state of the system at that
point.

To arrive at the necessary conditions of optimality from the
open-loop Nash equilibrium, one starts by forming the current
value Hamiltonian

2

Hi=g+Y \jfji=1.2. (24)
j=1

Where the A;’s are costate variables related to competitor i. With

the help of the Hamiltonian (24), one arrives at the following con-
ditions:

2
OH;/0P; = dgi/dP, + Y _ Aij(df;/R) =0,i=1,2. (25)
j=1
2
dH;/0U; = 8g;/dU; + Y 1;;(3f;/0U;) =0,i=1, 2. (26)
j=1

2
d)»ij/dt = rikij — 8H,-/8Nj = ri)\ij — ag,/E)Nj — Zku(afl/BNj),
j=1
i=1,2; 4j(T)=S; fori=j, and A;;(T) = 0 fori # j. (27)

Eqgs. (25), (26), (27) together with the initial values of the state
variables N;, form the set of necessary conditions which every
open-loop Nash solution satisfies.

The (2 x 2) HM matrix for a monopoly (9) is replaced by the
(4 x 4) HM matrix for a duopoly depicted in (28a), that is

32H]/3P12 02H, /9P, 0U; 02H, /3P, 0P, 02 H;/0P, U,
vt | 92Hy/3Us OB a2H, ou? 92H,/0U,0P, 92 H,/3U; 3U,
02H, /0P, 0P, 02H,/0P,0U, 32H2/3P22 02 H,/0P, U,
CHy 0U,0P  07Hy/0UpdUy  02Hp/0UnoP,  07Hy/0U2
_ [Huex H12(2x2)]
- [H21(2x2) Hy a0 | (282)

Among additional sufficient conditions of optimality, matrix HM
in (28a) is assumed to be a dominant negative diagonal definite
matrix. It is noted that when the elements of the Hyyy) and
H;; (5,2 are zeros, the inverse of the block diagonal matrix HM is

given by
02x2) :
Hy o0y~

5.2. Optimal dynamic marketing-mix policies for FPS in a duopoly

HM = ["“<2><2>] (28b)

02x2)

This section starts by analyzing the situation of the general FPS
model (20) followed by an analysis of two plausible specific mod-
els of generalized mathematical structures.

Using conditions (25) and (26) in conjunction with expressions
(20), (24) and (27), we derive in Appendix A the contents of the
novel proposition shown below.

Proposition 3. For demand rate dN; /dt given by (20) and the nec-
essary conditions (25), (26) and (27) together with presence of cost
learning, and discounting, then the following relationships hold at any
point in time along the optimal trajectories of the marketing-mix vari-
ables for FPS providers:

(i) The ratio R; of the advertising elasticity of demand of
fim i (§;=Ufy; /f;) to its price elasticity (A;=~Pifipi /fi)
equals(Q; — Aij fiui WU / (Ni+ Aijfipi)P:

(ii) The time derivative of price, dP; /dt, and the time derivative of
advertising, dU; /dt, i=1, 2 are governed by the four equations
written in a matrix format

rd P, /dt .
duy/de | _ _[H11(2x2) H12(2x2):|7
dp,/dt Hoiox2)  Hneay)l
dU,/dt

[fi=Au(fiefivi=fifipn + forr fine —f2 fipinz) = fipt (P =G — NiCinp)
+fiririAn — A (firfant = fiforint + fort fave = f2 farinz) + forimi Az,
—An(fivtfine = fifinne + fan five = 2 finine) = finn (P =G —NiCini)
+finriAn = A (fifont = fifavint + faur fane = fo fanine) + firiAsa.
f2 = A2 (far2 fonz = faforana + fira fan1 = f1 faron1) = far2 (P2 — G — NaGonz)
+farar2A22 = An (for2fine — 2 fieanz + firz five — i fiean1) + firaraAar
—An(fazfonz = fafovanz + fruz fani = fi favant) = fava (Pr — G — NaGon)

L+fawaradaz — Ao (favz fine — fafwana + fivz five = fi fiwant) + fivar2Aar.

(29)

(iii) The time derivative of the ratio R;, d R; / dt, is governed by the
expression
dRi/dt = (9R;/dP)(d Py/dt) + (dR;/dP;)(d P;/dt)
+ (O Ry/8U;)(d Uy/dt) + (3R;/0U;)(d Uj/dt)
+ (ORi/ON) fi + (3Ri/ON;)) f;
+(0Ri/0A;)(dA j5/dt), i, j=1,2andi# j.
(29a)

The following observations are gleaned from the contents of
Proposition 3:

(a) Part (i) of the above proposition for a duopoly is a modified
version of the Dorfman - Steiner theorem depicted in par
(i) of Proposition 1 for a monopoly. However, it becomes a
competitive generalization of it when the mixed state vari-
ables A;;=0, or fipj=fyi=0,1 %] .
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(b) For FPS pricing completion only, it can be easily shown that
(29) reduces to the form

dpd]
dPydt |~
fi=rn(fiefinve = fifimne + fam fine = fo fimne) = fier (P — G = NiGinn)
+f][’] rlA'n - A']Z(f“lP]fZN‘l _flePINl +f2F] fZNZ - fZ fZPlNZ) +f2P]r])"12-

_HM-!
HM fo = Aa(fapafonz = faforana + fir2 foni = fi fopant) = famz (P2 —Go = NoGona) |
+farar2haz = a1 (for2 five = fafirana + fire fint = fi firen1) + fiparaAar.
(29b)
and HM — 02H;/0P?  92H;/0P, 0P
= | 9%H, /0P, 0P 02H,/0P2

(c) For FPS advertising competition only, it can be easily shown
that (29) reduces to the form

duyde]
d Uyydt |~
=An (i fim = fifwmn + fur five = f2 fivine) = fior (P =G — NiGint)
+hnriin = Ao (finfon = fifauvinm + fur v = fo faninz) + fauitida.

_HM-!
HM —ha2 (favzfona = fofovana + fvz foni = fi favawt) = faa (P =G — NoGona) |
+f2U2rZA'22 _A'Zl (fZUZleZ _foIUZNZ +f]UZ lel - fl f]UZN]) +f]U2rZA'Z]-
(29¢)
02H,/0U2 02H,/0U;0U,
and HM = [82H2/8U28U1 92Hy /U2

(d) An expanded expression of part (iii) of the proposition is
found in Appendix A.

(e) As can be imagined from the contents of parts (ii) and (iii)
of the proposition, additional assumptions have to be made
to gain managerial insights. Nevertheless, a certain degree of
generality can be maintained.

In the next two subsections two alternative scenarios pertaining
to the demand function (20) are examined.

5.2.1. Competition with a firm’s adoption effect only and marketing
mix-variables for all

For this scenario, the demand functions for two rivals are as
shown below

(30a)

(30b)

This case describes a situation where firms base their decisions
on market segment dynamics. This may be a reasonable hypothesis
in a case where there is low substitutability between the products/
services (Dockner and Jorgensen (1992, p. 468). In addition to the
assumptions (21), the following additional assumptions are being
made:

fiewj =firrj = fwirj = fwwj =0, i# j, and (31)
fi+Ni(fini— fi fieini/ fir) = 0. (fini — fifwini/ fwi) = 0 fori=1, 2.
(31a)

The additional assumptions in (31) imply that each of the
demand functions is additively separable with respect to the
marketing-mix variables pair (P, U,), £ =1, jsothat the Hessian
matrix HM takes on the form depicted in (28a) of an inverse given
by (28b). For the demand scenario considered in this subsection,
it is shown in the Appendix that A;; > 0 and A, > 0 whereas
A2 =Xy =0. Conditions (31a) are shown to be instrumental in
arriving at Results 3 and 4. As mentioned in observation (b) re-
lated to Proposition 1, assumptions (31a) are satisfied when both

the price elasticity of the demand rate of each firm i and the
advertising elasticity of the same decrease with number of sub-
scribers (sales) N; We are now in a position to introduce our find-
ings shown in novel Result 3.

Result 3. For r;=0, presence of cost learning curve and FPS de-
mand functions given by dN;/dt =f;(N;, P;,U;,P,,U,) satisfying prop-
erties (21) and the additional properties (31) together with the suf-
ficient conditions (31a) for all i

(i) The ratio R; of the advertising elasticity of demand of firm
i (§;=Uifiui /fi) to its price elasticity (A;=-P;ifp; /f;) equals
the ratio of advertising to sales revenue of firm i (U; /N;P;),
multiplied by Q;.

(ii) Optimal price is increasing over time for each competitor i.

(iii) Optimal advertising is decreasing over time for each com-
petitor i.

(iv) The ratio of the advertising elasticity of demand (&; = U;f;y;
/fi) to its price elasticity (A;=-P;fiy; /f;) is decreasing over
time for each competitor i.

Result 3 generalizes the Dorfman-Steiner theorem alluded to in
Proposition 1(i) and Result 1 for a dynamic monopoly to a FPS
dynamic duopoly. In short, under demand scenario 5.2.1 for FPS
and the additional assumptions (31) and (31a), monopoly findings
shown in Result 1 carry over in their entirety to a duopoly.

Example 4. Jorgensen (1982) considers a differential game of
excess advertising for two service providers (sellers) where sub-
scribers (buyers) are perfectly mobile and switch instantly to the
firm which has the larger rate of advertising expenditure. The dif-
ferential game is summarized as follows:

Find optimal trajectories U} to maximize fOT e7lit(q; N; —Up) dt,
N;j(0) = Njp > 0, s.t. dNy/ dt=f; =k In (Uy/ U;)=k (In U; - In Uj),
i=j=1, 2; i+ j, where k is a positive constant, g; is a constant unit
profit margin, and N; + N, =M, M is a positive market potential.

For zero discounting (r; =0), the above author derives optimal
open-loop advertising strategies that are decreasing over time for
both firms. The above findings are readily available from (29c) as
for the considered demand functions 82H;/9U; dU, = 82H,/0UZ =0
and the first entry of the last column vector located at the right-
hand-side of (29c¢) is [— fiy1 (Pi —C; — N1Cin1) < 0] and also its
second entry [— foyz (P, —Cy —NyGonp) < 0]. It is further noted
from (29c) that the findings of Jergensen (1982) are extendable to
the case for which cost learning/economics of scale are present.

5.2.2. Competition with marketing-mix variables and adoption for all
For this scenario, the demand functions for two rivals are as
shown below.

dNy/dt = fi(Ny, Ny, P, Uy, P, Up) = fi(N1, Np, P, Up)  (32a)

sz/dt = fz(N], Nz, P], U], Pz, Uz) = fz(N], Nz, Pz, Uz) (32b)

The demand functions (32) mean that the sales of each rival
only depend on his/ her marketing mix variables and on the sales
(subscriptions) of both firms. Models of similar structures as (32)
but for only one marketing variable has appeared in the litera-
ture (e.g., Erickson, 2009). In addition to satisfying the assumptions
(21), f; and f, are assumed to satisfy the assumptions

fin2 <0, and fon < 0. (33)

By the construction of the demand functions of both firms, A,
> 0 and Ay; > 0 whereas the Hessian matrix HM takes on the
form depicted in (28a) of an inverse given by (28b). Such addi-
tional assumptions (33) assert that an increase in the number of
subscribers of a firm would decrease the future demand of its rival
(see Examples 5 and 6 below for plausible illustrations).
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Such assumptions imply that A;; < 0 and A; < 0. We are now
in a position to introduce our findings shown in novel Result 4.

Result 4. For r;=0, presence of cost learning curve and FPS de-
mand function of firm i given by dN,;/dt=f;(N;, P;,U;,P5,U,) satisfy-
ing properties (21) and the additional properties (33) together with
the sufficient conditions (31a) for i=1, 2.

(i) The ratio R; of the advertising elasticity of demand of firm
i (§;=Uifiui /1) to its price elasticity (A;=-P;fj; /fi) equals
the ratio of advertising to sales revenue of firm i (U; /N;P;),
multiplied by Q/

(ii) Optimal price is increasing over time for each competitor i.

(iii) Optimal advertising is decreasing over time for each com-
petitor i.

(iv) The ratio of the advertising elasticity of demand (&; = U;f;y
/fi) to its price elasticity (A;=-P;fiy; /f;) is decreasing over
time for each competitor i.

Result 4 also generalizes Proposition 1(i) and Result 1 for a
dynamic monopoly to a dynamic duopoly. In short, under de-
mand scenario 5.2.2 for FPS and the additional assumptions (33),
monopoly finding shown in Result 1 carry over in their entirety to
a duopoly. The contents of Result 4 are also consistent with those
related to Result 3.

For an infinite planning horizon and an autonomous separa-
ble demand function f; =g(N;, N2) h;(P;).hi(P;).qi(U;).q;(P;), feedback
strategies are developed in Appendix B. For r;=0, the Dorfman -
Steiner theorem alluded to in Results 3(i) and 4(i) remains applica-
ble whereas the optimal marketing-mix strategies appear different
from those reported in Results 3 and 4.

Example 5. Erickson (2009) considers a differential game of adver-
tising completion summarized as follows:

Find optimal trajectory U; to Maximize /g e~ "it(q; N;- U,?) dt,
s.t. d Nl/ dt:ﬂl Uj M — N] — NZ - Pi Ni' N,'(O):Nio, i= 1,2,

where N; and N, are the sales of Firm 1 and Firm 2 respectively
at time t. The quantities M, g;, 8; and p; are positive constants. The
above author only develops feedback strategies and demonstrates
that for a symmetric completion (8; =8, p; =p and q; =q), optimal
advertising policies for both firms are decreasing over time and
each is proportional to ,/M — N; — N,. To arrive at optimal open-
loop advertising policies for the situation of no discounting (r; = 0),
we apply (29¢) and Result 4 to produce optimal advertising policies
that are decreasing over time, provided that N; < M/3 as a sufficient
condition. Furthermore, for small defection rates (p; =0), the open
loop advertising policies would be monotonically decreasing over
time. It is further noted that for the above Erickson’s model, the
additional assumptions (33) are met.

Example 6. Inspired by the work of Feinberg (2001), consider a
game of a marketing-mix competition summarized as follows:

Find optimal trajectories P* and U} to Maximize /§° e "*[(P, —
GINi- Q) dt, s.t. d N/ dt=h; (B, U )N; (M = Ny - N3) - p; \/N;
N;(0)=Njg, p; and M are parameters; i=12.

To arrive at open loop marketing-mix policies for the situation
of no discounting (r; =0), we apply (29) and Result 4 to produce
optimal pricing policy that is increasing over time and advertising
policy that is decreasing over time, provided that 3 N;+N; < M,
N; + 3Ny <M, N;+N, <M, N> 0, N, > 0 as sufficient conditions.
Furthermore, for small defection rates (p; =0), the open-loop poli-
cies would be as described in Result 4 [additional sufficient condi-
tions are not needed]. It is further noted that for the above model
specification, the assumptions (33) are satisfied.

6. Optimal policies of CDG in duopolistic markets

For new consumer durable goods CDG, the counterpart of (22)
takes on the form

T T .
i = /0 el dt+ e S N(T) = /0 e [(B = C(N))N;

—Qi(Up)]dt + e7"TS; Ny(T). (34)

Each firm i strives to independently determine the optimal pair
of its decision variables over time (P*, U}*) to maximize the present
value of profits (34) subject to the system of differential Eqs. (20),
Njp > 0 is fixed and N;; is free. In expression (34), Q;(U;) is an ad-
vertising cost function related to firm i assumed to be non-negative
and convex with respect to its argument of properties Q/ > 0 and

7> 0.

The current value Hamiltonian for new consumer durables

takes on the form

2
Hi=[(P— C(N)(dNi/dt) — QU]+ Y Aifj i=1,2;  (35)

j=1

where the A;’s are costate variables related to competitor i that
must satisfy (27). For new consumer durables, demand function f;
is assumed to possess the following properties:

fiz0; fip <0 fipj =0; fyi >0; fiyj <0; fipipj <0;
fwiwi <05 fwjuj =0 firifipj — firjfipi > 0: fwiifjujuj — fuivj
fiuwj > 0; and fipipi < 23/ fi. (36)

Apart for the last assumption, properties (36) are standard as-
sumptions in oligopoly theory and are interpreted in the same
manner as their similar counterparts in (21). The presence of the
last assumption in (36) will be shown later to be instrumental in
deriving ensuing results and guaranteeing that BZH,-/E)Pi2 would be
negative.

Using conditions (25) and (26) in conjunction with expressions
(20), (35) and (27), we derive in the Appendix the contents of the
proposition shown below.

Proposition 4. For demand functions dN; /dt given by (20) and the
necessary conditions (25), (26) and (27) together with presence of
cost learning, and discounting, then the following relationships hold
at any point in time along the optimal trajectories of the marketing-
mix variables for CDG providers:

(i) The ratio R; of the advertising elasticity of demand of firm i
(6i=Uifii /f;) to its price elasticity (A;j=-Pifip; /f;) equals
(Q = Aij fui Ui / (fi+ Aijfipi)Pe

(ii) The time derivative of price, dP; /dt, and the time derivative of
advertising, dU; /dt, are governed by the four equations written
in a matrix format

rd Py /dt

-1
duy/dt | _ (Hnexey  Hizesx)
dP, /dt Hyax2y Hnexw)

| dU, /dt

[P =G+ plfinnifi = fie fime + fieine f2 = fapifine 3+ 212 {faeivt fi
—firtfant + forinz fo = fapt fana} + Fini i+ finafo + 11 (Ranfipr + A2 fapr)-
Py =G+ MDUfwint fi = for fine + frvinefa = fourfined + 22l fouint f1
=fwifant + faving f2 = faur fana} + 11 G frun + Az faun)-
Py —G+2)faranafa = far2 fanz + farint f1 = fipafont Y+ A21 {fipan2 f2
—fapafina + fipant f1 = fip2 it} + fana fo + fani f1 + 12 (A2 fapa + Ao1 f1p2)-
Py =G+ A fovanafo = fauz fana + favant f1 = fruafan} + Ao {fivant f2
L =fu2finz + frvant fr = frun fin} + 2oz fauz + 221 fru2)-

(37)

(iii) The time derivative of the ratio R;, d R; / dt, is governed by the
expression
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dRi/dt = (3R;/dP)(d Py/dt) + (dR;/dP;)(d Pj/dt)
+ (BR;/9U;) (d Uj/dt) + (9R;/9U;) (d Uj/dt)
+ (ORi/ON;) fi+ (3Ri/ON;) fj+ (BR;/di5) (dAy/dt ).
(37a)

The following observations are gleaned from the contents of
Proposition 4:

(a) Part (i) of the above proposition for a duopoly is a modified
version of the Dorfman - Steiner theorem depicted in part
(i) of Proposition 2 for a monopoly. However, it becomes a
competitive generalization of it when the mixed state vari-
ables A;;=0, or fip;=fiyi=0;, i J.

(b) For CDG pricing completion only, it can be easily shown that
(37) reduces to the form

dpydr]

dPy/dt |~
Pr =G+ 2 {fimnifi = fim fime + firnze o = fori fina Y+ Az {forn
=finfani + forina f2 = fort fon} 4 fini fi + fina fo 411 fimn + a2 fopn).-

—HM"! ,
Py =G+ ) foren2 fo = for2 fona + forivit fi = fir2fani } 4+ Aar {firenz fo
—for2 fine + fieant fi = firz fini} 4 fanafo + fani fi 42 (M2 fora + A2t fir2)-
_ | 9%Hi/0P? 02H, /0P 0P,
andHM = |:32H2/3P23P1 02Hy /92

(37b)

(c) For CDG advertising competition only, it can be easily shown
that (37) reduces to the form

dude]
dUydt|
Py =G+ 2 {fion fi = fiur fim + fioinvefo = faur i} + A2 { foavin fi
=fiwfont + fauine fo = foun fana} + 11 (A frun + A2 faun)-

—HM"! :
(P =G +2){ favana fo = favz vz + favani fi = fruafoni} + Aar {fivamt fo
—fw2five + froan fi = fin fin} + 2R fouz + Az fiuz).
_| 92H/0U7 32H, /0U; dU,
a“d"M‘[aZHz/auzam 02H, /U2

(37¢)

(d) An expanded expression of part (iii) of the proposition is
found in Appendix A.

(e) As can be imagined from the abstract contents of parts (ii)
and (iii) of the proposition, additional assumptions have to
be made to gain managerial insights. Nevertheless, a certain
degree of generality can be maintained.

In the next two subsections two alternative scenarios pertaining
to the demand function (20) are examined.

6.1. Competition with a firm’s adoption effect only and marketing
mix-variables for all

The demand functions for two rivals are assumed multiplica-
tively separable as shown below

dNy/dt = fi(Ny, P, Uy, Py, Up)

= g1(N1)hu (P1). hiz (P2).q11 (U1).q12(U2). (38a)
dN,/dt = fr(Ny, P, U, P, Uy)
= 82(N2).ha1 (Pr).hpz (P2).q21 (U1).q22 (U2) (38b)

The demand functions (38) mean that the interaction between
prices, advertising and experience for each firm is seperably mul-
tiplicative. The specific formulation in (38) is inspired by models
included in Dockner and Jorgensen (1988b) for pricing competition
and Dockner and Jorgensen (1992) for advertising competition. For
the demand scenario considered in this subsection, it is shown in
Appendix A that Aq; > 0 and Ay, > 0 whereas Ay = Ay; =0. The
construction of the demand functions (38) implies that the Hes-
sian matrix HM takes on the form depicted in (28a) of an inverse

given by (28b). We are now in a position to introduce our findings
shown in Result 5.

Result 5. For r; =0, presence of cost learning curve and CDG de-
mand functions given by (38) satisfying properties (36)

(i) The ratio R; of the advertising elasticity of demand of firm
i (§;=Uifiy /fi) to its price elasticity (A;=-P;fi,; /f;) equals
the ratio of advertising to sales revenue of firm i (U; / f; P;),
multiplied by Q;.

(ii) Optimal price has the sign of f;y; for each competitor i.

(iii) Optimal advertising is constant over time for each competi-
tor i.

(iv) The ratio of the advertising elasticity of demand (&; = U;f;y;
/fi) to its price elasticity (A;=-P;fip; /f;) has the sign of -
fini over time for each competitor i, provided that f; /fipi +
P, >0.

Again, the findings reported in Result 5 pertaining to CDG ap-
pear different from their counterparts reported in Result 3 associ-
ated with FPS, except for part (i) reported in both Results 3 and
5. Result 5 generalizes Proposition 2(i) and Result 2 for a dy-
namic monopoly to a dynamic duopoly. Furthermore, the findings
reported in Dockner and Jergensen (1988, Theorem 2) are consis-
tent with Result 5 (ii) whereas the findings reported in Dockner
and Jergensen (1992, Theorem 2) are consistent with Result 5(iii).
Result 5 (iv) is novel to the literature.

6.2. Competition with marketing-mix variables and adoption for all

For this scenario, the demand functions for two rivals are as-
sumed separable as shown below.

dN;/dt = f1(Ny, N, Py, Uy, Py, Uy) = g1 (N1, N2).hyg (Py).q11 (Up).
(39a)

dN,/dt = f,(Ny, No, P, Uy, Py, Up) = g2 (N1, Np).hoz (P2).q22Us).
(39b)

The demand functions (39) mean that sales of each rival depend
on his/her marketing-mix variables, but multiplicatively on cumu-
lative sales of both firms. The specific formulation (39) is inspired
by the earlier work of Thompson and Teng (1984). In addition to
satisfying the assumptions (36), f; and f, are assumed to satisfy
the additional assumptions

fine =0,and fong <0, fing = 0,and fony > 0. (40)

By the construction of the demand functions of both firms, A,
> 0 and Ay; > 0 whereas the Hessian matrix HM takes on the
form depicted in (28a) of an inverse given by (28b). The additional
assumptions fiyp < 0, and foy; < 0 in (40) imply that A, < 0 and
A1 < 0. We are now in a position to introduce our findings shown
in Result 6.

Result 6. For r;=0, presence of cost learning curve and CDG de-
mand functions (39) satisfying properties (36) and (40)

(i) The ratio R; of the advertising elasticity of demand of firm
i (§;=Uifii /fi) to its price elasticity (A;=-P;fi,; /f;) equals
the ratio of advertising to sales revenue of firm i (U; / f; P;),
multiplied by Q/.

(ii) Optimal price increases over time for each competitor i.

(iii) Optimal advertising is decreasing over time for each com-
petitor i.

(iv) The ratio of the advertising elasticity of demand (&; = U;f;y
/fi) to its price elasticity (A;=-P;f;y; /f;) decreases over time
for each competitor i, provided that f; /fip; + P >0.
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Part (iii) of the proposition does not require the restriction fy;
>0 depicted in (40). Except for optimal price, Result 6 also gen-
eralizes Proposition 2(i) and Result 2 for a dynamic monopoly
to a dynamic duopoly. In its entirety, however, the contents of
Result 6 are inconsistent with those related to Result 5 and are
novel to the literature. Interestingly, it is observed that Result 6 for
CDG is consistent with Result 4 for FPS. However, the assumptions
deriving related findings are different (assumptions (36) and (40)
for Result 6 versus assumptions (21), (31a) and (33) for Result 4).
Example 7 is introduced next to position the model used in Result
6 relative to its counterparts in the relevant literature.

Example 7. Thompson and Teng (1984) combine their ear-
lier model of advertising competition (Teng & Thompson, 1983)
and the pricing response function of Robinson and Lakhani
(1975) model to produce the following marketing-mix new prod-
uct oligopoly model:

dNy/dt = fi = [(¥i1 + ¥2U) (M — N1 — Ny)

+ (i3 + iaUi) (M = Ny — N2)Ni/M] Exp (=yisP;), Ni (0)
= Nip.

The authors employ an advertising cost function given by
Q,-:a,-Ul.2+/3,-U,-+8,-. where «;, B;, 8; and yy, k=12, ..., 5 are pos-
itive parameters and arrive at their open loop optimal policies for
a finite planning horizon using numerical methods. Upon putting
Y= 4D, Y= 0P, Vi3=0nq, Vis=0pq where a;;, ap, p and q
are positive parameters such that g > p, the above demand func-
tions would take the form d N; / dt=fi=(p+q N; /[M)(M-N;-N)
Exp (-yi5P) (ai+apl;).

The above demand functions can be cast into expression (39)
satisfying properties (36) and the additional properties fiy.< O
and foy;< 0. For the remaining additional properties in (40);
(fin1 = 0 and fy5p > 0) to get satisfied, it can be easily shown that
Njand N, would satisfy the inequalities 2N;+ Ny < M (q - p)/q, N;+
2N,< M (q - p)/q, Ny> 0 and N, > 0. According to Result 6 and for
both firms, the open loop pricing policies would be monotonically
increasing over time and the open loop advertising policies would
be monotonically decreasing over time.

Example 8. Krishnamoorthy et al. (2010) consider a differential
game for a duopoly summarized as follows:

Find optimal trajectories P; and U to maximize

/OO e [(Pr = Ci)(d Ni/dt) — dy U /2]dt.
0

Find optimal trajectories P; and U; to maximize

/ Te (B — G)(d Na/dt) — dy UR/2 dt.
0

S.t.dN1/dt = ,01P17'“U1,/M —N1 —N. ,N](O) = N10,
dN,/dt = p, P, Uy /M — Ny — No, N5 (0) = Ny

where M, C;, Cy, dy, dy 13, 0 are positive constants. The authors
only develop Nash equilibrium feedback strategies for a duopoly
using the HJB equations and demonstrate that optimal price is con-
stant over time for both firms whereas optimal advertising is de-
clining over time for both firms and proportional to /M — N; — N>.
When the pricing response functions P, are replaced with their
linear counterparts «; - B; P; and «; and B; are positive parame-
ters, i= 1, 2; the characterization of the optimal feedback strategies
remain unchanged.

To arrive at open loop Nash equilibrium, we apply (37) and
find that for small discounting rates (r; =r,=0), the sign of op-
timal price of Firm i has the ambiguous sign of fiyif; — Aijfipifini
whereas optimal advertising would be decreasing over time. The

optimal feedback strategies developed by the authors appear dif-
ferent from the open loop strategies characterized above.

7. Summary and conclusions

This section summarizes the main theoretical findings of the
study, highlights their managerial implications, and proposes direc-
tions for future research. The dynamic models analytically explored
in this article represent a unique attempt in the literature aiming
at characterizing over time optimal pricing and advertising policies
together with the optimal ratio of advertising elasticity of demand
to its price elasticity for two broad classes of products and services.

7.1. Summary of results

This paper has focused on a series of monopolistic and
duopolistic dynamic marketing-mix models for frequently pur-
chased products and services (FPS) as well as consumer durable
goods (CDG). Our approach was to derive results analytically, rather
than by numerical methods, trying to maintain a certain degree of
generality (flexibility). For competitive models, optimal marketing-
mix strategies are identified as open loop and feedback Nash so-
lutions. A summary of various demand specifications used in this
paper, and the assumptions on discount rates, cost learning and
length of the planning horizon, is provided in Table 2. The body
of the table depicts the optimal price, advertising and the ra-
tio of advertising elasticity of demand to its price elasticity paths
and the major assumptions (properties) made to derive the find-
ings. In the columns of Table 2 we have indicated the type of de-
mand functions used: (i) general, (ii) multiplicative separable with
firm-specific adoption effects and (iii) other structures, in partic-
ular firm’s own marketing-mix variables and adoption effects of
all rivals. Our models contain three main dynamic elements. We
introduced demand side learning effects within the frame of dy-
namic FPS through the acquisition and retention processes of fre-
quently purchased products and subscription services and dynamic
CDG through innovation, imitation, and saturation phenomena. The
production technologies used by the firms were assumed to ex-
hibit cost learning. Discounting is also considered because of its
managerial relevance as it measures how profits earned sooner are
compared to those earned later. Optimal marketing-mix policies
for FPS appear different from those related to CDG in both monop-
olistic markets (Proposition 1 versus Proposition 2) and duopolistic
markets (Proposition 3 versus Proposition 4). However, the ratio
of advertising elasticity of demand to its price elasticity appears
to have been governed by similar set of rules (Proposition 1(i)
and Proposition 2(i) for a monopoly, and Proposition 3(i) and
Proposition 4(i) for a duopoly).

Results 1, 3, and 4 for FPS associated with low discounting
argue in favor of a pricing strategy that is increasing over time
and an advertising strategy that is decreasing over time. These
dominant policies deserve an explanation. The agent (seller/ ser-
vice provider) charges a low price/service fee and advertises heav-
ily at the beginning to generate positive word of mouth, speed
up the learning of the agent’s offering and build a large base of
purchasers/adopters who keep on purchasing the product/service
upon their satisfaction with their initial experiences, causing the
perceived value of the product/service to get enhanced over time.
Also, because revenues of the agent in a given time period are
not solely generated from new purchasers/adopters during that
period but also from purchasers/adopters in previous periods,
price/subscription fee is motivated to increase and advertising is
invigorated to decrease in order to increase profits (Mesak & Dar-
rat, 2002; Nagle, 1987).

Results 2 and 5 for CDG associated with low discounting argue
in favor of a pricing strategy that mimics the rate of change of de-
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Table 2
Summary of models, assumptions and results.
Demand function Properties Results Market structure Type of good Cost learning I Planning
Solution concept horizon
f(N, P U) (2) Proposition 1 Monopoly FPS Present >0 Finite/ Infinite
General R=(U/NP) Q' Pontryagin’s
P, U Prop. 1 (ii) Maximum principle
R': Prop. 1 (iii)
f(N, P U) (15) Proposition 2 Monopoly CDG Present >0 Finite/ Infinite
General R=(U/fP) Q/ Pontryagin’s maximum
P, U Prop. 2 (ii) principle
R: Prop. 2 (iii)
fi(N;, Nj (P, Uy), (P;, Uj)) (21) Proposition 3 Duopoly FPS Present >0 Finite/ Infinite
General Ri= W Ope.n'— lQop Nash
P,U;: Prop. 3 (i) equilibrium
R;: Prop. 3 (iii)
fi(Ni, N; (P;, Uy), (P;, Uj)) (36) Propos,ition 4 Duopoly CDG Present >0 Finite/Infinite
General R = % P;,U;: Prop. Ope‘n-— lc‘)0p Nash
4 (ii) equilibrium
R;: Prop. 4 (iii)
f=g(N) h (PU) (12) Result 1 Monopoly FPS Present 0 Finite/Infinite
R=(U/NP)Q’ Pontryagin’s
P>0,U<0 Maximum principle
R <0
f=g(N) h (PU) (18) Result 2 Monopoly CDG Present 0 Finite/Infinite
R=(U/fP)Q’ Pontryagin’s
P =Sign fy, U =0 maximum principle
R = Sign — fy
fi(N;, (P, Uy), (P;, Uj)) (21), Result 3 Duopoly FPS Present 0 Finite/Infinite
(31), Ri=(U;/N;P;)Q/ Open-loop
(31a) P;>0,U; <0 Nash equilibrium
R <0
fi(N;, Nj (P;, Uy)) (21), Result 4 Duopoly FPS Present 0 Finite/Infinite
(31a), Ri=(Ui/N;P;)Q/ Open-loop
(33) P;>0,U; <0 Nash equilibrium
Ri <0
fi= &(N;) hii(P;) hy(P;). (36) Result 5 Duopoly CDG Present 0 Finite/Infinite
q;i(Upa;(U;) Ri=(Ui/fiP;)Q/ Open-loop
P; = Sign fini,U; = 0 Nash equilibrium
R; = Sign — fini
fi= &(N,N;) hi(P;) q;(U;) (36), Result 6 Duopoly CDG Present 0 Finite/Infinite
(40) Ri=(U;/fiP;)Q/ Open-loop
P;>0,U; <0 Nash equilibrium
R <0
f=g(N)Cos(6P)U (Bla) Result 7 Monopoly FPS Not Present 0 Infinite
R=(U/NP)Q’ HJB equation
P;=0,U>0
R =0
fi= viCos (6;P,). (B14a) Result 8 Duopoly FPS Not Present 0 Infinite
Cos (0;P;) UiU;g(N) Ri=(U;i/N;P;)Q/ Feedback
P;=0,U; >0 Nash equilibrium
R, =0

mand with respect to penetration over time (increasing first and
declining later) and an advertising strategy that is constant over
time. These dominant policies also deserve an explanation. Kalish
(1983) mentions that for a period of positive effects of sales on
demand, price is initially low to stimulate early adopters, which
in turns will stimulate demand. Price will monotonically increase
to the point where the “word-of-mouth” effect diminishes. On the
other hand, if there is a negative effect of sales now on subse-
quent demand, price is initially relatively high, skimming some
profits from those who are willing to pay for early adoption, de-
creasing monotonically over time. When the demand functions are
taken to be multiplicatively separable in advertising and the num-
ber of cumulative adopters, advertising elasticities are unaffected
by changes in sales. So that advertising should be kept constant
over time (Dockner & Jorgensen, 1992; Teng & Thompson, 1985).
To better comprehend the contents of four propositions and eight
results eight illustrative examples, mainly extracted from the rele-
vant literature, are introduced.

For separable multiplicative FPS demand functions and in the
absence of discounting, the feedback marketing-mix strategies de-
veloped in this paper for both monopolistic and duopolistic mar-
kets are such that optimal price would be constant and ad-
vertising would be increasing over time. On the other hand,
for separable multiplicative CDG demand functions, Sethi et al.
(2008) and Krishnamoorthy et al. (2010) find for both monopolistic
and duopolistic markets that the feedback marketing-mix strate-
gies are such that optimal price would be constant, but optimal
advertising would be decreasing over time (see Examples 3 and
8 for details). In Table 2, while the ratio of advertising elastic-
ity to price elasticity appears to have been governed by similar
set of rules for both FPS and CDG as in the extant literature (e.g.,
Mesak & Clark, 1998; Dockner and Feichtinger, 1986) the direction
of change of such ratio over time looks, however, different from
each other which is a new result to the literature (we are indebted
to an anonymous reviewer for motivating us to pursue the above
research direction).
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7.2. Managerial implications

The problem studied in this research is briefly stated as follows:
A firm in a monopoly or a duopoly seeks an optimal price and ad-
vertising over time to maximize its discounted profits, given that
the competitor when being present acts rationally. Unit costs de-
creases with cumulative output and the current sales of each firm
depend on the prices and advertising expenditures of all goods
as well as firms’ cumulative sales (subscriptions). Asserting that
model assumptions are met three main recommendations stand-
out particularly for low interest rates.

First, marketing-mix policies for new frequently purchased
products and services (FPS) are different from their counterparts
for new consumer durable goods (CDG). Second, for FPS, the re-
search findings depicted in Table 2 recommend increasing price,
decreasing advertising and a non-increasing ratio of advertising to
sales revenue over time. Only, the direction of change of marketing-
mix variables and the elasticities ratio is recommended to carry
over from a monopoly to a duopoly for short planning horizons
where open-loop Nash equilibrium is most appealing, but are not
necessarily being similar in terms of level. For long planning hori-
zons where feedback strategies are most useful, a constant price
and increasing advertising over time are recommended to carry
over from monopoly to a duopoly (Results 7 and 8).

Third, for CDG and in a monopoly, the research findings de-
picted in Table 2 argue in favor of a price increase when adop-
tion effect is positive due to positive word of mouth and a price
decrease when adoption effect is negative attributed to saturation
(i.e., remaining untapped market is depleting). Advertising expen-
diture is recommended to be constant over time, whereas the ra-
tio of advertising to sales revenue would change in an opposite
direction of the change in price. For duopolistic markets and for
short planning horizons, monopoly marketing strategies may (or
may not) be recommended to carry over from a monopoly to a
duopoly depending upon how management envisions the likely
demand functions would be (Result 5 versus Result 6). For long
planning horizons, a constant price and a decreasing advertising
over time are recommended to carry over from a monopoly to a
duopoly (Examples 3 and 8).

7.3. Suggestions for future research

The modeling effort developed here though being extensive is
susceptible to further improvement through future research. First,
other controllable variables such as product/ service quality (Rust,
Zahorick & Keiningham, 1995; Van Mieghem, 2000), distribution
(Bronnenberg, Mahajan & Vanhonacker, 2000; Jones & Ritz, 1991);
and inventory (Mesak, Bari & Blackstock, 2016) could be endoge-
nously determined and thus in turn enriching the modelling effort.
Second, throughout the paper we have considered monopolistic
markets, or duopolistic markets supposing that all firms are in the
market from the very beginning of the game. In reality, the market
is generally monopolistic at first and becomes competitive when
new rivals get in. Hence the well-known problem of entry of ri-
vals emerges. Future research can enlarge the scope of the study by
considering such problem in the modelling framework (Eliashberg
& Jeuland, 1986; Gupta and Di Bendetto, 2007). Third, in this ar-
ticle competition was limited to duopolistic markets. Future re-
search would extend the study to deal with oligopolistic compe-
tition. Studying symmetric competition (Wernerfelt, 1986) may be
a reasonable first approximation.

Studies in rivalry advertising in the context of social networks
including advertising competition in social networks (Masucci
and Silva (2017), competitive targeted advertising over networks
(Bimpikis, Ozdaglar & Yildiz, 2016), and control of preferences in
social networks (Chasparis and Shamma (2010). The incorpora-

tion of additional control variables in the context of social net-
works represents an additional direction for future research. Al-
though differential games with feedback strategies are notoriously
hard to analyze to arrive at optimal marketing-mix strategies, in-
terested readers could find the progress being made in this article
as well as in other articles helpful in advancing the state of the
art. Addressing the above research issues and perhaps several oth-
ers, should be beneficial to both academicians and practitioners in
both the manufacturing and the service sectors.
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